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Motivation — Wigner function

1932 - Eugene Wigner
o(t,x) — W(, X, p)

wave function Wigner function

W (t, X, p) Ejdu e P (t, X +U/2) o(t, X~/ 2)

> W(t,x p)eR
dp
dx lot, x)° =1 = [dx[==wW(t x p)=1
> [ dx J(t x) ijzﬂ (t, %, p)

> W(,x,p) =2 0



Motivation — bosonic Wigner functional

1994 - St. Mréwczyniski & B. Mtiller

d(t, x) —> W(t, ®(x),I1(x)]

scalar quantum field Wigner functional

W (t, X, p) = Jdu e“p“<x +u/ 2‘[)(’[)‘X —u/ 2> |X) — position eigenstate

AOIO(X)-e(x)/2)

WIt, ®(x), I1(x)] = [ Dp(x)e 17 ((x) + (%) / 2

®(X) — time-independent scalar field in Schrodinger picture



Motivation — bosonic Wignher functional

(0(®,17)) = (O(®, IT))

> (0d.11))=

T&b ]Tr[,[) o(d, 11

> (O(®,11)) ——chDj—OcDH)W[thH]
Z = chDj—W[thH]

W(t, ®,I1] - density in phase-space spanned by @ &I1




Motivation — bosonic Wignher functional

<50 =[,50)]

Semiclassical equation of motion

— j o oo o WI[t,®,T1]=0
éH(x) SD(X)  SD(X) STI(X) o

Liouville’s equation




Motivation — bosonic Wignher functional

Free field in thermal equilibrium

@ classical limit

W[, IT] ~ exp[—g | S—ZA( p)(IT" (P)II(p) +(p? + mz)d)*(p)@(p))} ~ep[-H]

L
=

2T E
A(p)zEtanh(pj, E,=y{p°+m°, Yii

) 2T




Motivation — bosonic Wignher functional

Simple application — rollover phase transition

1

V(@) == m* () & (x), mZ(t)={m2 (<9

p? <

—u® t20

t V(D)




Definition of fermionic Wigner functional

WIt, ¥(x), T1(x)] = [ Dp(x)e 1070 (W(x) +p(x) /2

AOIY () —0(x)/2)

Does it make any sense?

Y(x), I[1(x), @(X) - Grassmann (anticommuting) fields

>

Y(x) — ¥, ¥, ¥,... ¥ =%(X)

YW, -+, =0 P2 =0

P Berezin integrals: jd\Pi =0, J'd\Pi\Pj — Sl




Simple example

Harmonic oscillator in a ground state

2

(x|p(t)[x,) ~ exp[—%(a X2 +ax: )} = W(t,x p) ~ exp{—axz _IO_}

a

g 1
<T1(X)‘K3(t)‘qu (X)> =€Xp {_ E .[ dx (Tl(X)A\Pl(X) T LPz (X)Alpz (X))}

V4 A - antisymmetric 2 x 2 matrix
Y. = "| - Weyl spinor @ ;
Vi A =-A

WL (X)) = exp - 7dx (W) AW (x)-TI(X)A™TI(x))




Fermionic Wigner functional

(O(¥,11)) = (O(¥, 1))

> (ol¥r1)=2Tpold.n)
> (O(w,I)) ——jD\Pj—o (W, IT)W[t, ¥, 1]

Z =Tr[p]= quJj—W[thH]

W(t, W, I1] - density in phase-space spanned by ¥ &I1
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Example of computation

Z=| D\Pj —WIt, P, 11] = | D‘PJ j Dp(x) e 110090

Discretization

jEe—inxmx)w(x): o {co(X) - {00000} 0 =0(X)

o 00— {1, 00, 10, 11, 1, =TI(x)

Berezin integrals: J‘dHi =0, jdHiHj =

J-DHn DIT,, DII, e‘“i“ﬁ”j _(Ciax) I DIT, DIT,, DIJ, (

2r 27 2r 2r 27 2r



Example of computation cont.

DI1 —i[dxTT(X)p(x) :(_ IAX)nJ‘ DHn DHn—lu DH (ZH j _ |AX
27T 2w 21 27\ j=1 27T

5o, 051 0,)

[dpde, . ...do 00, .0, T(@.0,...0,)=

function in n-dimesional Grassmann algebra spanned by {1, @., PPy PP, .0}

~
n

f(o,0,,...00)= T +Zf(l)¢.+2f (i, 1) g, +.

I, =1

J- DI1 o [IXTT()P(x) 5[¢(X)]

27

j Dy ...,
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Example of computation cont.

Z= j D\Pj j Dp(x) eI @20 (@ (x) + (%) 2 A F (X) — 9(X) / 2)

@ [ 5 € o olpo)
27

) =Tr[p]

jD‘PJ—W[t ¥, ] =Tr[]




Fermionic Wigner functional

2 5 =[H. 40

ot
Equation of motion

{— | ( oH __o HW[t,\P,H]zo
A 1(X) é‘{’(x) é\P(x) A 1(X)

Exact equation of motion is of the Liouville form
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Conclusions

Although bosonic and fermionic fields are very different,
the Wigner functionals have very similar properties.

For more: St. Mrowczynski, Physical Review D 87, 065026 (2013)
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