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outline
• sounds of the Little Bang!

• collective flow of small systems: high multiplicity pp/
pA at LHC and the radial flow puzzle!

• reminder of min.bias pp/pA:  strings, spaghetti, Lund 
model!

• QCD strings and their interaction,spaghetti collapses 
at large string multiplicity, their sigma field 
collectivizes and creates QGP fireball!

• explosive regime at ultra high energies



Perturbations of 
the Big and the 
Little Bangs 
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Frozen sound (from the era long 
gone) is seen on the sky, both in 
CMB and in distribution of Galaxies 
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They are remnants of the sound 
circles on the sky, around the 
primordial density perturbations 
Freezeout  time O(100000) years  

Initial state fluctuations  
in the positions of participant nucleons 
lead to perturbations of the Little 
Bang also  

Freezeout time about 12 fm/c 
Radius of the circle about 6 fm, 
Comparable to the fireball size 
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We study the propagation of local density fluctuations created in heavy ion collisions (either due to
hard collisions or color charge separation) through the hydrodynamical evolution, which is modeled
by overall Hubble flow. While naively they should expand to spherical waves of sound with the
radius given by sound horizon, making them delocalized and hardly observable, the real solution
is much more interesting. The interplay of time-dependent speed of sound and Hubble expansion
leads to recreation of a fluctuations at original location and even their amplification.

I. INTRODUCTION

The so called ridge phenomenon has been observed at
RHIC in the events with a hard (large pt) trigger [1].
Its main features are seen in 2-particle correlators, which
show a peak at relative azimuthal angle φ = φ1 − φ2 =
0 with a width of about 1 radian, about twice that of
the jet. Unlike jets which are localized in rapidity, the
ridge has very wide distribution in (pseudo)rapidity η, at
least up to |η| ≈ 4 (as shown by PHOBOS collaboration
[2]). The spectrum of particles from the ridge is slightly
harder than the bulk one but much softer than that for a
jet. Their composition is also very different from jets, in
particular large fraction of baryons/anti-baryons. These
features – especially the last one – clearly indicate that
the ridge is related to the interaction of the jet with the
hydrodynamical expansion of the fireball, as suggested by
Voloshin [3]. Another important ingredient introduced
in my paper [4] is the existence of forward-backward jets
accompanying any hard scattering and provided extra
particles, which are widely distributed in rapidity.

STAR had observed ridge-like correlations in the 2-
body correlators without the hard trigger [5,6] as well,
known as a “soft ridge”. Its explanation, suggested by
McLerran and collaborators [?,8], is based on the ini-
tial state color fluctuations in the colliding nuclei, which
then create the “color flux tubes” with the longitudinal
electric and magnetic color fields at some “spots” in the
transverse plane of the collision. These tubes are sup-
posed to be stretched between two fragmentation regions
of the colliding nuclei, explaining wide rapidity range of
the correlation.

Whatever the origin of those fluctuations, they cannot
be separated from ambient matter, unless pushed side-
wise by hydrodynamical radial flow, see Fig.1(a). Im-
portant, that although extra particles may be separated
by large rapidity gaps, they correspond to the same po-
sition in the transverse plane and thus have the same
asymuthal flow direction. With its velocity reaching up
to .7 or so at the rim of the fireball, and with the account
for thermal pion velocities, one can roughly reproduce a
peak in ∆φ of the same order as in observed correlators,

see details e.g. in [4]. (It is similar to Big Bang mapping
primordial temperature fluctuations of the background
radiation onto the visible sky.)

FIG. 1. A sketch of the transverse plane of the colliding
system: the “spots” of extra density (a) are shown as black
disks, to be moved by collective radial flow (arrows). Naive
sound expansion (b) would produce large-size and small am-
plitude wave: yet the correct solution includes also another
wave (c) of smaller radius and larger amplitude.

It was however assumed in all these works that the fluc-
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Heavy ion collisions at the BNL Relativistic Heavy Ion Collider (RHIC) are well described by the (nearly ideal)
hydrodynamics. In the present paper, we study the propagation of perturbations induced by moving charges (jets)
on top of the expanding fireball, using hydrodynamics and (dual) magnetohydrodynamics. Two experimentally
observed structures, called a “cone” and a “hard ridge”, have been discovered in a dihadron correlation function
with a large-pt trigger, while a “soft ridge” is a similar structure seen without a hard trigger. All three can
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solutions: (A) a “wave-splitting” acoustic option and (B) a “metastable electric flux tube” option. In the first case,
we show that rapidly variable speed of sound under certain conditions leads to secondary sound waves, which
are at freeze-out time closer to the original location and have larger intensities than the first wave. In the latter
case, we rely on (dual) magnetohydrodynamics, which also predicts two cones or cylinders of the waves. We
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I. INTRODUCTION

The issues to be discussed are somewhat similar in
nature to what happened in cosmology in the last decades.
While the average Hubble-like expansion of the Universe
was dramatically confirmed by the discovery of background
radiation more than 40 yr ago, more recent observations of
small-amplitude temperature fluctuations have transformed
cosmology into a much more quantitative science.

Similarly, experimental data obtained in heavy ion colli-
sions at the BNL Relativistic Heavy Ion Collider (RHIC) were
shown to be in very good agreement with the hydrodynamic
description of the “Little Bang.” Especially good results are
obtained in hydrodynamics supplemented by the hadronic
cascades [1–3]. Dissipative effects from viscosity provide
only small corrections, at the few-percent level; see more
in Refs. [4–6]. Except for the rather short time of initial
acceleration, the hydrodynamic solution can actually be rather
well approximated by Hubble flow v(t, r) = Hr, with H ≈
0.08 fm−1 being approximately space and time independent.
If so, the expansion can be approximated by the quite simple
form

r(t) = r(0) exp(Ht), (1.1)

which we will use below.
In the last few years, RHIC experiments have focused more

on two- and three-particle correlations, which revealed a rather
rich phenomenology of correlations. These correlations appear
as the results of certain fluctuations, propagating on top of the
overall Hubble-like expansion. The quite puzzling dynamics
of such perturbations is the subject of this paper. We will turn
to experimental observations in the next section: but before
we do so, let me formulate the main dilemma of this work:
either (A) these perturbations are hydrodynamic in nature,
although propagating a bit differently from what can be naively
expected on the basis of a geometric optics, or (B) they are
not hydrodynamic but include certain extra fields or structures,
affecting their expansion.

In this work, we will examine whether both of those
solutions are viable. Option A—to be referred to as the acoustic
solution—will reveal the creation of secondary waves, induced
by the time-dependent speed of sound. (In fact, this effect was
already noticed in Ref. [7] in connection with conical flow.) As
we will show, such secondary waves are brighter and smaller
in size, as sketched in Fig. 3(c). However, as we will find, it is
not clear whether solution A will be viable quantitatively, as it
requires a rather sharp drop in the speed of sound.

Option B also leads to double cones, now as two com-
ponents of Alfvén waves in a (dually) magnetized medium.
Furthermore, some of them have small or even zero expansion
velocity, and there is the indication of the existence of
stabilized electric flux tubes in the near-Tc temperature interval.
Metastable microscopic flux tubes in the near-Tc region had
also been considered in a different context before by Liao and
myself [8,9] in connection with lattice data on lattice potentials
and charmonium survival. Yet again, although such tubes have
good reasons to exist, the final conclusion on whether they
are robust enough to explain the observed “cone” and two
“ridges” would require a lot more experimental and theoretical
work.

Early stages of heavy ion collisions are believed to be
described by the so-called glasma, a set of random color fields
created by color charges of partons of the two colliding nuclei
at the moment of the collision [10].

For large nuclei, those charges and fields can become large
enough to be treated classically. However as two discs with
charges move away from each other, those classical fields get
smaller and (in a still poorly understood process) rather quickly
create the quark-gluon plasma (QGP), in which the occupation
numbers become O(1).

Perturbative theory of asymptotically hot QGP predicts
perturbative electric screening mass ME ∼ gT from the
one-loop perturbative polarization tensor [11]. However, the
perturbative approach provides no screening of the static
magnetic fields, MM = 0, as in the QED plasma.
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Working in the (⌥, ⇤, r,�) coordinates with the metric

ds2 = �d⌥2 + ⌥2d⇤2 + dr2 + r2d�2, (3.2)

and assuming no dependence on the rapidity ⇤ and az-
imuthal angle �, the 4-velocity can be parameterized by
only one function

uµ = (� cosh⇧(⌥, r), 0, sinh⇧(⌥, r), 0) (3.3)

Omitting the details from [14], the solution for the ve-
locity and the energy density is

v⇤ = tanh⇧(⌥, r) =
⇤

2q2⌥r

1 + q2⌥2 + q2r2

⌅
(3.4)

⇥ =
⇥̂0(2q)8/3

⌥4/3 (1 + 2q2(⌥2 + r2) + q4(⌥2 � r2)2)4/3
(3.5)

where ⇥̂0 is some normalization parameter.
In [15] Gubser and Yarom re-derived the same solution

by going into the co-moving frame. In order to do so they
rescaled the metric

ds2 = ⌥2dŝ2 (3.6)

and performed a coordinate transformation from the ⌥, r
to a new set ⌃, ⌅ given by:

sinh ⌃ = �1� q2⌥2 + q2r2

2q⌥
(3.7)

tan ⌅ =
2qr

1 + q2⌥2 � q2r2
(3.8)

In the new coordinates the rescaled metric reads:

dŝ2 = �d⌃2 + cosh2 ⌃
�
d⌅2 + sin2 ⌅d�2

⇥
+ d⇤2 (3.9)

and we will use ⌃ as the “new time” coordinate and ⌅
as a new “space” coordinate. In the new coordinates the
fluid is at rest, so the velocity field has only nonzero u⇤.

The relation between the velocity in Minkowski space
in the (⌥, r,�, ⇤) coordinates and the one in the rescaled
metric in (⌃, ⌅,�, ⇤) coordinates corresponds to:

uµ = ⌥
 x̂⇥

 x̂µ
û⇥ , (3.10)

while the energy density transforms as: ⇥ = ⌥�4⇥̂.
The temperature (in the rescaled frame, T̂ = ⌥f1/4

⇥ T ,
with f⇥ = ⇥/T 4 = 11 as in [14]) is now dependent only
on the new time ⌃, in the case with nonzero viscosity the
solution is

T̂ =
T̂0

(cosh �)2/3
+

H0 sinh3 �

9(cosh �)2/3 2F1

„
3

2
,
7

6
;
5

2
,� sinh2 �

«

(3.11)

where H0 is a dimensionless constant made out of the
shear viscosity and the temperature, ⇤ = H0T 3 and 2F1

is the hypergeometric function. In the inviscid case the
solution is just the first term of expression (3.11), and
of course it also conserves the entropy in this case. The
picture of the explosion is obtained by transformation
from this expression back to ⌥, r coordinates.

B. Perturbations of the Gubser flow

Small perturbations to the Gubser flow obey linearized
equations which have also been derived in [15]. We start
with the zero viscosity case, so that the background tem-
perature (now to be called T0) will be given by just the
first term in (3.11). The perturbations over the previous
solution are defined by

T̂ = T̂0(1 + �) (3.12)
uµ = u0 µ + u1µ (3.13)

with

û0 µ = (�1, 0, 0, 0) (3.14)
û1µ = (0, u�(⌃, ⌅,�), u⌅(⌃, ⌅,�), 0) (3.15)
� = �(⌃, ⌅,�) (3.16)

The careful reader will notice here, that although general
perturbations should not have any symmetries of the ze-
roth solution, we have not listed rapidity among the vari-
ables. Indeed, we only consider the perturbations which
are rapidity-independent. The reason for that is that the
initial state perturbations are initiated in the transverse
plane but rapidity-independent, so that the waves they
would induce also propagate in the transverse plane only.

Plugging expressions (3.12),(3.13) into the hydrody-
namic equations and only keeping linear terms in the
perturbation, one can get a system of coupled 1-st order
di�erential equations. Furthermore, if one ignores the
viscosity terms, one may exclude velocity and get the
following (second order) closed equation for the temper-
ature perturbation:

 2�

 ⌃2
� 1

3 cosh2 ⌃

⇤
 2�

 ⌅2
+

1
tan ⌅

 �

 ⌅
+

1
sin2 ⌅

 2�

 �2

⌅

+
4
3

tanh ⌃
 �

 ⌃
= 0 (3.17)

As we will show, it has a number of remarkable proper-
ties.

C. The short-wavelength approximation for the
sound waves on top of the Gubser flow

Before we proceed to the exact solution of this equa-
tion, let us follow the procedure described in section IIB
and study the solution to equation (3.17) in the short
wavelength approximation. We start by looking for a
factorized solution of the form:

� = ei(f⇥(⇤)�f�(�)�f⇤(⌅))F⇤(⌃)F�(⌅)F⌅(�) (3.18)

where fi >> 1, such that the derivatives taken over the
exponential are dominant. In this way, we study the
equation separating it in di�erent equations depending
on which power of the derivatives over the exponent they

Kappa is the 
transverse 
rapidity 

q is a parameter 
fixing the overall size 
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where the separation of variables constant k, the “wave
vector”, is assumed to be large. When C1x = 1,

⌃
C1t =

cs = const we have a function of x� cst, the usual prop-
agating wave.

The amplitude A should be found from the second ap-
proximation, the terms of the order 1/⇤. One may again
get an explicit solution assuming the variables can be sep-
arated. Looking for the amplitude in a factorizable form
A = At(t)Ax(x) one can see that the first three terms
can be only dependent on t, provided C2 depends on time
only. The last three O(1/⇤) terms would be factorizable
into C1t(t) times a function of x if C3 = C1t(t) ⇥ C3x(x).
If so, the solution for both parts of the amplitudes are

At(t) = exp

⇤ t

0
dt1[�

⌅
C1t(t1)�

Ċ1t(t1)
4C1t(t1)

� C2t(t1)/2]

Ax(x) = exp

⇤ x

0
dx1[�

�⌅
C1x(x1)

+
C �

1x(x1))
4C1x(x1)

+
C3x(x1))
2C1x(x1)

] (2.5)

New separation-of-variable constant � formally appears
here, but it does not generate anything new in respect to
what was already included in the phase, so it can safely
be put to zero.

Familiar examples of waves are e.g. the spherical and
conical waves, in which case the variables can be sepa-
rated . Indeed, when the spatial part of the equation is
d-dimensional Laplacian, one has

C1 =
1
c2
s

, C2 = 0, C3 =
d� 1

x

1
c2
s

(2.6)

and the corresponding amplitude decays with distance as

A ⇤ 1
x

d�1
2

(2.7)

(Note that for d=3 it is a very familiar result, and for d=2
it is an asymptotics of the cylindrical Bessel functions.)

As the reader will see later, the sound on top of Gub-
ser’s flow can also be shown to have an amplitude depend-
ing one only one variable, ⌥, in comoving coordinates,
which however is a non-factorizable funciton of proper
time � and r. Therefore, without introduction of these
coordinates, one would not be able to solve the equation
for the amplitude in such a simple factorized form.

In our problem the reason we can use such an approxi-
mation is the assumed locality of the initial perturbation.
This means that the spacial scale of the initial perturba-
tion (and thus the initial width of the propagating circu-
lar wave) is much smaller than the fireball dimensions

l ⌅ R (2.8)

It will also mean that locally the sound wave is close to
the plane sound wave

⇥T ⇤ exp[ik(⌦n⌦x� cst)] (2.9)

with large wave vector kR⇧ 1.
Let us show how this approximation works in the case

of Gubser flow. Step one is to look at second derivatives
only, as those would produce terms of the second order
in k and thus to be the leading ones.

Step two is to get the wave amplitude from cancelling
among themselves the terms with the first power of large
exponent

III. PERTURBATIONS ON TOP OF THE
GUBSER FLOW

A. Summary of the Gubser flow

Gubser flow [7, 8] is a generalization of Bjorken flow
that, while keeping the boost-invariance and the rota-
tional invariance in the transverse plane, replaces the
translational invariance in the transverse plane of the
Bjorken flow by symmetry under special conformal trans-
formations. Therefore, the matter is required to be con-
formal, with the EOS

⇤ = 3p ⇤ T 4 (3.1)

and thus the speed of sound cs = 1/
⌃

3. The solution has
one dimensional parameter q which has units of inverse
length, via which the finite size of the nuclei is taken into
account (and also the velocity acquires a radial compo-
nent). Working in the (�, ⌅, r, ) coordinates, where the
metric is:

ds2 = �d�2 + �2d⌅2 + dr2 + r2d 2, (3.2)

the 4-velocity profile is given by

uµ = (� cosh⌃(�, r), 0, sinh⌃(�, r), 0)(3.3)

v⇥ = tanh⌃ =
�

2q2�r

1 + q2�2 + q2r2

⇥
(3.4)

add energy density

The hydrodynamic equations in these coordinates were
solved by Gubser in [7] for both the non-viscous and the
viscous case. Later in [8] Gubser and Yarom re-derived
those solutions by going into the comoving frame. In
order to do so they have rescaled the metric by the proper
time

ds2 = �2dŝ2 (3.5)

and performed another coordinate transformation given
by:

sinh ⌥ = �1� q2�2 + q2r2

2q�
(3.6)

tan ⇧ =
2qr

1 + q2�2 � q2r2
(3.7)
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Note how the proper time and the radial components
mix together, while both angular coordinates ⌥ and ⇤ re-
main unchangedIn the new coordinates the rescaled met-
ric reads:

dŝ2 = �d⇧2 + cosh2 ⇧
�
d⌅2 + sin2 ⌅d⌥2

⇥
+ d⇤2 (3.8)

where ⇧ is the time coordinate and ⌅ is a radial coordi-
nate.

In the new coordinates the fluid is at rest, or rather
moving together with an expanding geometry, such that
the velocity field is given by û⇤ = �1, with all other
components zero.

The relation between the velocity in Minkowsky space
in the (⌃, r, ⌥, ⇤) coordinates and the one in the rescaled
metric in (⇧, ⌅, ⌥, ⇤) coordinates corresponds to:

uµ = ⌃
�x̂⇥

�x̂µ
û⇥ , (3.9)

while the energy density transforms as: ⇥ = ⌃�4⇥̂.
The solution to the hydrodynamic equations is now

dependent on new time ⇧, in the viscous case it is

T̂ =
T̂0

(cosh �)2/3
(3.10)

�H0 tanh �

„
1� (cosh �)1/3

2F1

„
1

2
,
1

6
;
3

2
,� sinh2 �

««

where H0 is a dimensionless constant made out of the
shear viscosity and the temperature, ⇤ = H0T 3 and 2F1

is the hypergeometric function. In the inviscid case the
solution is just the first term of expression (3.11). On top
of this background solution there can be bumps due to
the initial fluctuations of the collision and in what follows
we will study these perturbations and their evolution.

B. Perturbations on the Gubser flow

In this section we study linear perturbations to the
Gubser flow following the work by Gubser and Yarom in
[8]. We will only look at the non-viscous case, such that
the background temperature will be given by the first
term in (3.11). We want to look for sound waves on top
of the background, so we consider linear perturbations
over the previous solution:

T = T0 + T1 = T0(1 + �) (3.11)
uµ = u0µ + u1µ (3.12)

with

u0µ = (�1, 0, 0, 0) (3.13)
u1µ = (0, u�(⇧, ⌅, ⌥, ⇤), u⌅(⇧, ⌅,⌥, ⇤), 0) (3.14)

� = �(⇧, ⌅, ⌥) (3.15)

where we have assumed that the perturbations remain
rapidity-independent, they are initiated and propagate
in the transverse plane. In principle, we could have an

⇤ dependence both in the velocity and in the tempera-
ture, but for simplicity and to preserve boost invariance
and study cylindrical waves, we only consider ⇧, ⌅ and
⌥ dependence. Plugging expressions (3.12) into the hy-
drodynamic equations and only keeping terms which are
linear in the perturbation, we find the following second
order equation for the temperature:

�2�

�⇧2
� 1

3 cosh2 ⇧

⇤
�2�

�⌅2
+

1
tan ⌅

��

�⌅
+

1
sin2 ⌅

�2�

�⌥2

⌅

+
4
3

tanh ⇧
��

�⇧
= 0 (3.16)

C. The short-wavelength approximation and
variable separation for Gubser flow

In this section we follow the procedure described in
section II and study the solution to equation (3.16) in the
short wavelength approximation. We start by assuming
a solution of the form:

� = ei(f⇥(⇤)�f�(�)�f⇤(⌅))F⇤(⇧)F�(⌅)F⌅(⌥) (3.17)

where fi >> 1, such that the derivatives taken over the
exponential are dominant. In this way, we study the
equation separating it in di�erent equations depending
on which power of the derivatives over the exponent they
have. The first step is to look only at the second deriva-
tives because, since they produce terms of second order
in the exponent, they are the leading ones. In this way
we find:

f⇤(⇧) = ± 2⇥
3
k arctan e⇤ + A (3.18)

f�(⌅) = ±
⇧ ⌃

k2 � m2

sin2 ⌅
+ B (3.19)

f⌅(⌥) = ±m⌥ + C (3.20)

The integral in (3.19) can be solved, but it gives a cum-
bersome result. So in what follows we will assume no ⌥
dependence just to get an idea of the result. If we as-
sume that there is no ⌥ dependence, the functions in the
exponent reduce to:

f⇤(⇧) = ± 2⇥
3
k arctan e⇤ + A (3.21)

f�(⌅) = ±k⌅ + B (3.22)
(3.23)

The function f⇤(rho) is almost linear in ⇧ in the region
that we are interested in studying (�2 � ⇧ � 1), so we
expect to see wave propagation in this region.

Now that we have found the functions in the expo-
nent we look for the wave amplitude by cancelling among
themselves the terms with the first power of the large ex-
ponent, and by doing this we find the amplitude functions

5

to be:

F⇤(⇧) ⇥ 1
(cosh ⇧)1/6

(3.24)

F�(⇥) ⇥
1⌅
sin ⇧

(3.25)

D. The exact separation of variables for Gubser
flow

We have seen that in the short wavelength approxi-
mation we found a wave-like solution to equation 3.16,
but now we would like to look for the exact solution,
which can be found by using variable separation such
that �(⇧, ⇥, ⌃) = R(⇧)⇥(⇥)⇤(⇥), then

R(⇥) =
C1P

2/3

� 1
2+ 1

6
⇥

12�+1
(tanh ⇥) + C2Q

2/3

� 1
2+ 1

6
⇥

12�+1
(tanh ⇥)

(cosh ⇥)2/3

�(�) = C3P
m
l (cos �) + C4Q

m
l (cos �)

⇥(⇤) = C5e
im⇥ + C6e

�im⇥ (3.26)

where ⇤ = l(l + 1) and P and Q are associated Legendre
polynomials. The part of the solution depending on ⇥ and
⌃ can be combined in order to form spherical harmonics
Ylm(⇥,⌃), such that �(⇧, ⇥,⌃) ⇤ Rl(⇧)Ylm(⇥,⌃).

It is interesting to explore the asymptotic behavior of
the Legendre functions when l >> 1 that is given by [9]:

Pm
l (cos ⇥) =

2⌅
⌅

�(l + m + 1)
�(l + 3/2)

cos ((l + 1/2)⌃� ⇥
4 + m⇥

2 )
⌅

2 sin ⇥

Qm
l (cos ⇥) =

⌅
⌅

�(l + m + 1)
�(l + 3/2)

cos ((l + 1/2)⌃ + ⇥
4 + m⇥

2 )
⌅

2 sin ⇥
(3.27)

These expressions show that for large l the solution
presents oscillatory behavior in ⇥ with an amplitude given
by 1⇥

sin �
, which is the same that we obtained in the short-

wavelength approximation for F�(⇥) (eq.3.25). Now we
look into the ⇧-dependent part of the solution in the large
l limit we have that the Legendre polynomials as a func-
tion of tanh ⇧ correspond to:

P m
l (tanh ⇤) =

r
2

⇥

�(l + m + 1)

�(l + 3/2)

cos

„„
l +

1

2

«
arccos (tanh ⇤)�

⇥

4
+

m⇥

2

«p
cosh ⇤

Qm
l (tanh ⇤) =

r
⇥

2

�(l + m + 1)

�(l + 3/2)

cos

„„
l +

1

2

«
arccos (tanh ⇤) +

⇥

4
+

m⇥

2

«p
cosh ⇤

(3.28)

Again we see an oscillatory behavior and a wave am-
plitude. In this case the amplitude is given by

⌅
cosh ⇧

and if we divide this by (cosh ⇧)2/3 as we have in the
exact solution (3.26) we get an amplitude for the wave
of 1

(cosh ⇤)1/6 , which is the same as we got in 3.24 for the
short wavelength approximation.

So we have checked that for large l (or equivalently
large k) �(⇧, ⇥, ⌃), and therefore T̂1, behaves like a wave,
so if at some ⇧ = ⇧0 we put a perturbation we expect
sound to propagate. We will study this by putting a
gaussian perturbation on top of the background at ⇧0,
given by:

T̂1(⇧0, ⇥, ⌃) ⇤ e�
�2+�2

0�2��0 cos (⇥�⇥0)
2s2 (3.29)

and we assume that at the initial time no momentum is
put, only energy so the other initial condition that we
have is:

u� = 0
u⌅ = 0 (3.30)

but from [8] we have:

ui = u(⇧)⌥iYlm(⇥,⌃)

u(⇧) =
3 cosh2 ⇧

l(l + 1)
d�⇤

d⇧
(3.31)

where i = ⇥,⌃, so it is enough to put

⌥�

⌥⇧
|⇤=⇤0 = 0 (3.32)

The general solution for linear perturbations is

T̂1(⇤, �, ⌅) =
X

l

m=lX

m=�l

Rl(⇤)clmYlm(�, ⌅) (3.33)

Rl(⇤) =

AlP
2/3

� 1
2 + 1

6
⇥

12l(l+1)+1
(tanh ⇤) + BlQ

2/3

� 1
2 + 1

6
⇥

12l(l+1)+1
(tanh ⇤)

(cosh ⇤)4/3

(3.34)

where clm, Al and Bl are constants that can be deter-
mined using the initial conditions (3.29) and (3.32). With
Al and Bl determined, the ⇧-dependent part of the tem-
perature is:

Rl(⇧) =
�

cosh ⇧0

cosh ⇧

⇥2/3 dql

d⇤ |⇤0pl(⇧)� dpl

d⇤ |⇤0ql(⇧)
dql

d⇤ |⇤0pl(⇧0)� dpl

d⇤ |⇤0ql(⇧0)

(3.35)

with

pl(⇧) =
P 2/3

� 1
2+ 1

6

⌅
12l(l+1)+1

(tanh ⇧)

(cosh ⇧)2/3
(3.36)

ql(⇧) =
Q2/3

� 1
2+ 1

6

⌅
12l(l+1)+1

(tanh ⇧)

(cosh ⇧)2/3
(3.37)

the solutions to the ⇧-dependent part of the equation 3.16
for �. The denominator of the of the right term of Rl(⇧)
corresponds to the Wronskian of the functions pl(⇧) and
ql(⇧) evaluated in ⇧0.Since the Legendre polynomials P
and Q are linearly independent, the Wronskian is always
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ber of known techniques allowing for analytic calculation of the propagation of small perturbations
on top of the expanding fireball. The simplest approximation is the “geometric acoustics”, which
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eikonal phases but also amplitudes of the perturbation. Finally, we focus on the so called Gubser
flow, a particular conformal analytic solution for the fireball expansion, on top of which one can
derive closed equations for small perturbations. Perfect hydrodynamics allows all variables to be
separated and all equations to be solved in terms of known special functions. We can thus collect
the analytical expression for all the harmonics and reconstruct the complete Green function of the
problem. In the viscous case the equations still allow for variable separation, but one of the equations
has to be solved numerically. We still can collect all the harmonics and show real-time perturbation
evolution, observing viscosity-induced changes in the spectra and the correlation functions of sec-
ondaries. We end up by comparing the calculated angular shape of the correlation function to the
STAR experimental data, and find, for su�ciently large viscosity, a surprisingly good agreement.

PACS numbers:

I. INTRODUCTION

Since it is the third paper of the series devoted to
the propagation of perturbations on top of the “Little
Bang”, it does not need a detailed Introduction. Let us
only briefly remind the main physics of the phenomena
in question, and then mention where the reader can find
important earlier works on the subject.

Initial state perturbations of an “average fireball”,
which occur on event-by-event basis, lead to divergent
sound waves, similar to the circles from a stone thrown
into a pond. The sound velocity is � 1/2 and the time
till freezeout �FO � 2R (where R is the nuclear size,
about 6 fm for Au nuclei used in the experiment), thus
the “sound horizon” (the maximal radius of the circles)
reaches Hs � R. In terms of the angular variables
we use, it means a response at relatively large angles,
O(±1 radian), from the perturbation. The strong radial
explosion of the fireball dramatically enhances the con-
trast, making small deviations of the freezeout surface
easily observable experimentally, provided the transverse
momentum of the particles are tuned into the appropri-
ate range. The shape of the hydro response to an initial
point perturbation (the Green function) is quite nontriv-
ial, and we show that for appropriate values of the vis-
cosity it reproduces the shapes observed experimentally
quite well. Thus we will conclude that a sound propaga-
tion over distance comparable to the fireball radius � R
have in fact been experimentally observed.

Outlining the paper’s context, we now go into a bit
more detail over the brief history of the “second act of

hydro”. Sound propagation on top of the expanding fire-
ball was first considered by Casalderrey-Solana and one
of us (ES) in [1]. The fireball expansion was modelled
by an Universe expansion using the Friedmann-Lemetre-
Robertson-Walker metrics, and the specific phenomena
discussed in it was the e�ect of the variable speed of
sound (due to the QCD phase transition) on sound prop-
agation. Its main result was the appearance of backward-
moving or convergent spherical/conical waves, together
with the usual divergent ones.
A qualitative picture of “circles” resulting from point-

like initial-state perturbations, reaching the “sound hori-
zon” radius, were first introduced in the first paper of this
series [2]. It has correctly predicted the “double-hump”
shape of the angular distribution, with maxima identi-
fied with the two crossings of the circle with the fireball
boundaries, but failed to carry it further into the two-
particle correlations functions. The “circle” phenomenon
has also been found by the Brazilian group, in their (zero
viscosity) numerical studies of “event-by-event hydrody-
namics” [3]. This group however went further and calcu-
lated the two-body correlators, finding their characteris-
tic three-maxima structure. The details of such structure
in our (viscous) solution will be compared to the experi-
mental data at the end of this paper.
A general setting of the problem, including the iden-

tification of the two basic scales of the problem, the so
called “sound horizon” and “viscous horizon”, has been
made in the second paper of the series [4], in which we
also studied in detail the perturbations using the geomet-
ric Glauber model. Similar ideas have also been proposed
by Mocsy and Sorensen in [5, 6].
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the extra matter T = Tf +�T and one from extra motion
of the matter in the sound wave. The latter contribution
comes simply from adding the perturbation to the veloc-
ity,

uµ ⇥ uµ + �uµ (4.7)

�uµ is the perturbation, written in (3.35) as û1 times ⌅ .
The e�ect due to the extra matter is included when

calculating the freeze-out surface:

Tfo = Tb(⌅, r) + �T (⌅, r,⇧) (4.8)

where �T = T̂1/⌅ , with T̂1 from (3.35).The equation (4.8)
is solved for ⌅(r,⇧), and the result for the inviscid case
is presented in Fig.8. Since the contribution from the

FIG. 8: (Color online) Freeze-out surface ⇤(x, y) in fm for the
inviscid case.

perturbation is small, we write ⌅(r,⇧) = ⌅b(r) + �⌅(r,⇧)
and consider terms up to first order in �⌅(r,⇧). By this
we mean that the exponent will be approximated by

pµuµ(⇤b + �⇤)
Tf

� pµub µ(⇤b)
Tf

+
1
Tf

d(pµub µ(⇤b + �⇤))
d(�⇤)

|�⇥=0�⇤

+
pµ�uµ(⇤b)

Tf
(4.9)

Fig.9 shows �⌅ for both, the inviscid and for the viscous
case. In the former case the contribution is much larger
than in the latter, where the viscosity has dampened and
widened the peaks.

Figure 7 compares the particle distribution for the
three cases, (i) the inviscid case, (ii) the minimal ⇥/s =
1/(4⇤) and (iii) so-to-say maximal viscosity case ⇥/s =
0.134. In the ideal hydro case the two peaks of the angu-
lar distributions, due to the overlap of the perturbation
with the fireball boundary, are more pronounced than in
the cases with nonzero viscosity. Also, in this case (i) one
can clearly see high frequency oscillations on the curve.
Those are artifact of the arbitrary limit of the number of
harmonics used to l < lmax = 30. The oscillations dis-
appear when we take viscosity into account, because, as
we mentioned earlier, viscosity kills all higher harmonics

FIG. 9: (Color online) Excess of freeze-out surface �⇤(r,⌅)
due to the initial perturbation. Top: ideal case, bottom: vis-
cous case with ⇥/s = 0.134. Only the half of the surface that
is a�ected by the presence of the perturbation was plotted.

anyway, with l > lmax � 10. In the presence of viscosity,
the peaks in the particle distribution are weakened, and
their angular separation is a bit more spread than in the
inviscid case.

C. Two-particle correlations and comparison to
experiment

The number of extra particles produced by the pertur-
bation are numerically about O(10) (per unit rapidity),
which should be compared to O(1000) particles produced
by the background fireball. Thus modifications of the
expansion and all parameters are of order of percents, in
all parameters and in the spectra. Such small changes
cannot be observed on event-by-event basis: and yet the
fluctuations we discuss do happen di�erently in di�er-
ent events. The resolution of this di⇥culty is provided
by observation of the two (or more) particle correlation

The modified freezeout 
Surface (right) leads to 
A modified angular distribution 
Of particles, with and without viscosity 
(left) 
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Figure 2: The steps involved in the extraction of the vn for 2-3 GeV fixed-pT correlation: a) the two-
dimensional correlation function (shown for |∆η| < 4.75 to reduce the fluctuations near the edge), b)
the one-dimensional ∆φ correlation function for 2 < |∆η| < 5 (re-binned into 100 bins), overlaid with
contributions from individual Fourier components as well as the sum, c) Fourier coefficient vn,n vs n,
and d) vn vs n. The bottom two panels show the full dependence of vn,n and vn on ∆η. The v1 is not
shown since it breaks the factorization from vn,n to vn of Eq. 13. The shaded bands in c)-f) indicate the
systematic uncertainties. The range 2 < pa

T
, pb
T
< 3 GeV is chosen, since collective flow is expected to

be large in this range while the pair statistics are still high.
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Fig. 9.— The temperature (TT) and temperature-polarization(TE) power spectra for the
seven-year WMAP data set. The solid lines show the predicted spectrum for the best-fit flat

ΛCDM model. The error bars on the data points represent measurement errors while the
shaded region indicates the uncertainty in the model spectrum arising from cosmic variance.
The model parameters are: Ωbh2 = 0.02260 ± 0.00053, Ωch2 = 0.1123 ± 0.0035, ΩΛ =

0.728+0.015
−0.016, ns = 0.963± 0.012, τ = 0.087± 0.014 and σ8 = 0.809± 0.024.
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Observations:
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ABSTRACT

New full sky temperature and polarization maps based on seven years of
data from WMAP are presented. The new results are consistent with previous

results, but have improved due to reduced noise from the additional integration
time, improved knowledge of the instrument performance, and improved data
analysis procedures. The improvements are described in detail.
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The new space 
mission, PLANK, 
will provide much 
better data (stay 
tuned) 

Unexplained  
Phenomena at small 
harmonics 

The power spectrum is very sensitive to 
viscosity, and it has acoustic minima/

maxima (at m=7,12 and m=9) 
perturbation initial size is 0.7 fm, viscosity eta/s=0,0.08,0.13,0.16 
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Plenty of evidences !
for acoustic behavior,!

but still no experimental!
evidences for maxima!
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FIG. 2. (Color online) Data points correspond to the event-
by-event distribution of v2, v3, and v4 in the respective max-
imal peripheral bin measured by the ATLAS collaboration
[32]. These are compared to the distributions of initial ec-
centricities in the IP-Glasma model and the distributions of
vn from fluid dynamic evolution with IP-Glasma initial con-
ditions.

energy density. This radius by definition depends on the
choice of εmin. This choice however only affects the over-
all normalization of rmax; it does not affect the depen-
dence of rmax on the number of charged particles Nch

[34]. There is also some uncertainty in the radii coming
from the choice of the infrared scale m that regulates the
long distance tail of the gluon distribution (see [3, 4, 28]).
It can be mostly compensated for by adjusting a normal-
ization constant K.
In Fig. 3 we show the result for rmax in p+p, p+Pb,

and Pb+Pb collisions and compare to Rinv from the
Edgeworth fit to the two-pion correlation function mea-
sured by the ALICE collaboration [27]. We adjust K
to match to the p+p results. We determine centrality
classes in the model and assign the Nch value quoted by
ALICE [27] for each centrality class.
Because the emission of pions occurs throughout the
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FIG. 3. (Color online) Rinv measured by the ALICE col-
laboration [27] compared to Krmax determined using the IP-
Glasma model and fluid dynamic expansion. The lower end
of the band indicates the size of the initial state, the upper
end the maximal value of rmax during the hydrodynamic evo-
lution.

evolution, Rinv lies somewhere between the initial radius
and the maximal radius reached during evolution. We
indicate the range of radii between these two extrema by
a band in Fig. 3. We find that our estimate of the system
size is compatible with the experimental HBT measure-
ment for all systems simultaneously. The Pb+Pb result
clearly favors the presence of hydrodynamic expansion.
For events with the same multiplicity (for example

at ⟨Nch⟩1/3 ≈ 4), p+Pb collisions in the hydrodynamic
framework show a much more significant expansion com-
pared to Pb+Pb collisions. For these high multiplicities,
hydrodynamic expansion in p+Pb collisions appears to
be necessary to explain the experimental data. How-
ever, using m = 0.1GeV instead of m = 0.2GeV leads
to larger initial radii that are also compatible with the
experimental data.
We have established that the details of the bulk prop-

erties in Pb+Pb collisions as well as the systematics of
the system size from p+p to Pb+Pb collisions are well
reproduced in the IP-Glasma (+fluid dynamics) model.
We turn now to address anisotropic flow in p+Pb colli-
sions. Using the same method as in Pb+Pb collisions, we
determine v2 and v3 as a function of Noffline

trk
, measured

by the CMS collaboration.3

Fig. 4 shows the calculated v2 in peripheral Pb+Pb col-
lisions and central p+Pb collisions with the same Noffline

trk

in comparison to experimental data by the CMS collab-
oration [35]. While the Pb+Pb result reproduces the

3 To obtain Noffline
trk

we determine the centrality class in the IP-

Glasma simulations and match to the Noffline
trk

quoted for that

centrality class by the CMS collaboration in [35]. Noffline
trk

≈ 132
corresponds to 65-70% central Pb+Pb events, the most periph-
eral bin shown for the ATLAS data in Fig. 1.

no noize seen so far 
other than from the 

initial conditions

Schenke+Venugopalan



So what? Why is hydro�s success for the 
Little Bang so exciting? 

• True that already in the 19th century sound vibrations in the bulk 
(as well as of drops and bubbles) have been well developed  
(Lord Rayleigh, …) 
 
• But, those objects are macroscopic still have 10^20 molecules… 

• Little Bang has about 10^3 particles (per unit rapidity) or 10 of 
them per dimension. So the first application of hydro was 
surprising: only astonishingly small viscosity saved it… 

• And now we speak about the 10th harmonics! How a volume cell 
with O(1) particles can act as a liquid? 

Further discoveries at LHC: !
high multiplicity pp and pA show!

explosive behavior!



the smallest drops of sQGP

Raphael Granier de Cassagnac Quark Matter 2014, Darmstadt 

Multiparticle correlations 
• v2 stays large when calculated with multi-particles 

– v2(4)=v2(6)=v2(8)=v2(LYZ) within 10%  
– True collectivity in pPb collisions!  

13 
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PbPb                                           pPb 

(event multiplicity) 

v2 

CMS at QM2014 has shown this “killer plot”:!
In PbPb and pPb one finds that v2 calculated from !

4,6,8 secondaries are the same => !
truly collective deformation!

of the whole event!
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CMS at QM2014 has shown this “killer plot”:!
In PbPb and pPb one finds that v2 calculated from !
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truly collective deformation!

of the whole event!

The radial flow: !
pp stronger than pA!

which is stronger than AA!!
Why?
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Figure 9: Average transverse momentum of identified charged hadrons (pions, kaons, protons;
left panel) and ratios of particle yields (right panel) in the range |y| < 1 as a function of the cor-
rected track multiplicity for |h| < 2.4, for pp collisions (open symbols) at several energies [8],
and for pPb collisions (filled symbols) at

p
sNN = 5.02 TeV. Both hpTi and yield ratios were

computed assuming a Tsallis-Pareto distribution in the unmeasured range. Error bars indicate
the uncorrelated combined uncertainties, while boxes show the uncorrelated systematic uncer-
tainties. For hpTi the fully correlated normalization uncertainty (not shown) is 1.0%. In both
plots, lines are drawn to guide the eye (gray solid – pp 0.9 TeV, gray dotted – pp 2.76 TeV, black
dash-dotted – pp 7 TeV, colored solid – pPb 5.02 TeV). The ranges of hpTi, K/p and p/p values
measured by ALICE in various centrality PbPb collisions (see text) at

p
sNN = 2.76 TeV [33] are

indicated with horizontal bands.
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14 5 Results

by ALICE in PbPb collisions at
p

sNN = 2.76 TeV for centralities from peripheral (80–90% of the
inelastic cross-section) to central (0–5%) [27]. These ALICE PbP data cover a much wider range
of Ntracks than is shown in the plot. Although PbPb data are not available at

p
sNN = 5.02 TeV

for comparison, the evolution of event characteristics from RHIC (
p

sNN = 0.2 TeV, [2, 4, 28])
to LHC energies [27] suggests that yield ratios should remain similar, while hpTi values will
increase by about 5% when going from

p
sNN = 2.76 TeV to 5.02 TeV.
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For low track multiplicity (Ntracks . 40), pPb collisions behave very similarly to pp collisions,
while at higher multiplicities (Ntracks & 50) the hpTi is lower for pPb than in pp. The first ob-
servation can be explained since low-multiplicity events are peripheral pPb collisions in which
only a few proton-nucleon collisions are present. Events with more particles are indicative
of collisions in which the projectile proton strikes the thick disk of the lead nucleus. Inter-
estingly, the pPb curves (Fig. 9, left panel) can be reasonably approximated by taking the pp
values and multiplying their Ntracks coordinate by a factor of 1.8, for all particle types. In other
words, a pPb collision with a given Ntracks is similar to a pp collision with 0.55 ⇥ Ntracks for
produced charged particles in the |h| < 2.4 range. Both the highest-multiplicity pp and pPb
interactions yield higher hpTi than seen in central PbPb collisions. While in the PbPb case even
the most central collisions possibly contain a mix of soft (lower-hpTi) and hard (higher-hpTi)
nucleon-nucleon interactions, for pp or pPb collisions the most violent interaction or sequence
of interactions are selected.

The transverse momentum spectra could also be successfully fitted with a functional form pro-
portional to pT exp(�mT/T0), where T0 is called the inverse slope parameter, motivated by the
success of Boltzmann-type distributions in nucleus-nucleus collisions [29]. In the case of pi-
ons, the fitted range was restricted to mT > 0.4 GeV/c in order to exclude the region where
resonance decays would significantly contribute to the measured spectra. The inverse slope
parameter as a function of hadron mass is shown in Fig. 10, for a selection of event classes,
both for pPb data and for MC event generators (AMPT, EPOS LHC, and HIJING). While the data
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sQGP is near-conformal: 
so why is explosion of a small 

fireball so surprising?
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vperppA = 0.5614035088
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vperppA2 = 0.8465608467

vperpAA = subs r = 1.5, t = 1.5, vperp ;
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Scale transformation: !
R(PbPb)=6.5 fm!

R(pPb)=O(bNN) =1.6 fm=f R(PbPb)!
so for a scale invariance !

one needs the entropy density !
s(pPb)=s(PbPb)/f^3 !

which is not the case!

Compression by at least 
a factor 2 of the pA size 

is needed to get 
the radial flow observed



brief history of QCD strings

• 1960’s: Regge phenomenology, Veneziano amplitude. Strings have 
exponentially growing density of states N(E)!

• 1970’s Polyakov,Susskind => Hagedorn phenomenon near deconfinement!

• 1980’s: Lund model (now Pythia,Hijing): string stretching and breaking!

• 1990-now lattice studies. Dual Abrikosov flux tubes. (Very few) papers on 
string interaction!

• 2013 Zahed et al: holoraphic Pomeron and its regimes (cannot speak about it 
in few min’s)

Collective interaction of QCD strings and

early stages of high multiplicity pA collisions

Tigran Kalaydzhyan and Edward Shuryak
Department of Physics and Astronomy, Stony Brook University,

Stony Brook, New York 11794-3800, USA

(Dated: April 8, 2014)

We study early stages of “central” pA and peripheral AA collisions. Several observables indicate
that at the su�ciently large number of participant nucleons the system undergoes transition into a
new “explosive” regime. By defining a string-string interaction and performing molecular dynam-
ics simulation, we argue that one should expect a strong collective implosion of the multi-string
“spaghetti” state, creating significant compression of the system in the transverse plane. Another
consequence is collectivization of the “sigma clouds” of all strings into collective chorally symmetric
fireball. We find that those e↵ects happen provided the number of strings N

s

> 30 or so, as only
such number compensates small sigma-string coupling. Those finding should help to understand
subsequent explosive behavior, observed for particle multiplicities roughly corresponding to this
number of strings.

I. INTRODUCTION

A. The evolving views on the high energy collisions

Before we got into discussion of high multiplicity pA

collisions, let us start by briefly reviewing the current
views on the two extremes: the AA and the minimum
bias pp collisions.

The “not-too-peripheral” AA we will define as those
which have the number of participant nucleons N

p

> 40,
and the corresponding multiplicity of the order of few
hundreds. (Peripheral AA, complementary to this def-
inition, we will discuss in this paper, below in sec-
tion IVB.) Central AA collisions produce many thou-
sands of secondaries: the corresponding fireball has the
energy/entropy density well inside the QGP domain, and
those were naturally in the focus of the RHIC and LHC
heavy ion programs. Needless to say, the theory guid-
ance and those experiments resulted in widely known
conclusions about strongly coupled dynamics of QGP.
In particular, its collective flows were found to follow the
hydrodynamical predictions with a remarkable accuracy.

(Hydrodynamical modeling typically starts at the
proper time ⌧

i

⇠ 1/2 fm, and the EOS used is that of
the fully equilibrated matter known from lattice simula-
tions. The description of matter at earlier stages and the
exact mechanism/degree of actual thermal equilibration
is still a developing and hotly debated subject which we
will not address in this work.)

AdS/CFT correspondence has provided dual descrip-
tion to strongly interacting systems. In its vocabulary,
thermal fireballs of deconfined matter are dual to certain
5-dimensional black holes, and its hydrodynamical ex-
pansion corresponds to departure of this black hole from
the space boundary (where the gauge theory is located).
Attractively interacting and collapsing system of QCD
strings we will discuss should be viewed as a QCD ana-
log to formation of the AdS/CFT black hole formation.

The opposite extreme is represented by the typical

FIG. 1: The upper plot reminds the basic mechanism of
two string production, resulting from color reconnection. The
lower plot is a sketch of the simplest multi-string state, pro-
duced in pA collisions or very peripheral AA collisions, known
as “spaghetti”.

(minimum bias) pp collisions. Its Pomeron description
at large impact parameter b = 1�2 fm is naturally given
in terms of a double string production, see upper plot of
Fig. 1. Color reconnection (described perturbatively or
by a “tube” string diagram) leads to a pair of longitu-
dinally stretched strings, with subsequent breaking into
several pieces – hadronic clusters, which finally decay into
few final secondaries, as implemented in e.g. the Lund
model event generators, which do quite a good job in re-
producing these phenomena. The density of a produced
excitation is low, it takes place in the confining QCD vac-
uum: thus the string description. The Pomeron profile,
in particular, was historically the origin of the so-called
↵

0(t = 0) parameter, related to the string tension, which
defines the “string scale” both in QCD and fundamental
string theory.

(If collisions are “hard”, with momentum transfer
Q � 1 GeV, they resolve nucleons and Pomerons to
their partonic substructure. Perturbative description of
the Pomeron is well developed. At a very high density
perturbative theory breaks down and may lead to the
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string interaction via 
sigma meson exchange

4

Radial flow is characterized by the dependence on
the particle mass M (for identified secondaries ⇡,K, p,⇤
etc) of either (i) their mean hp?(M)i or (ii) the of M?
distribution slope T

eft

(M), see e.g. [? ]. The data do
not show such dependence for the lower multiplicities (8
and 32) but the e↵ect clearly is there for higher ones (84
to 235).

Elliptic flow is in those cases measured also in two
ways, either by the two-particle or four-particle correla-
tion parameters known as v2{2} and v2{4} [? ]. The
latter for pA is multiplicity independent above N

tr

> 80,
but rapidly drops below it. This is perhaps the best in-
dicator for the onset of explosive regime we so far have.
For AA data for N

tr

< 80 are too uncertain to see any
trends there.

(The careful reader may notice that this value coin-
cides with the small peak of the multiplicity distribution
shown in Fig. 1 and dividing the miltiplicity distribution
into two parts, the geometry dominated and the high
multiplicity tail. This must be a coincidence, since it is
specific to the size of Pb nuclei used: the 16 wounded
nucleons is the mean value for a proton going along its
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For a “minimally biased” (typical) pA collisions, with
just few strings, it is a rather dilute system: so the inde-
pendence of string fragmentation – assumed by the Lund
model and its descendants – seems reasonable. But for
N

p

= 40 or more, this assumption should obviously be
questioned and revisited.

The system of strings, once produced by color ex-
changes as the target and projectile pass each other at

t ⇡ 0, is then stretched between their remnants, with ra-
pidities +Y and �Y where Y is related to NN center of
mass energy. An the generic rapidity �Y < y < Y (not
too close to each end) one can view the set of strings
as approximately parallel and directed along the beam
direction.
Interaction between the QCD strings was the subject

of our previous paper [8], to which we refer the reader for
motivations and the details. Following it, we will assume
it to be mediated by the lightest scalar �. For one string
the sigma “cloud” has the form
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which smoothens the 2d Coulomb singularity ⇠ ln(r?) at
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neglected in the situations – for which the Lund model
has been originally invented – in which only O(1) strings
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So the sigma cloud around a string is there!
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We study early stages of “central” pA and peripheral AA collisions. Several observables indicate
that at the su�ciently large number of participant nucleons the system undergoes transition into a
new “explosive” regime. By defining a string-string interaction and performing molecular dynam-
ics simulation, we argue that one should expect a strong collective implosion of the multi-string
“spaghetti” state, creating significant compression of the system in the transverse plane. Another
consequence is collectivization of the “sigma clouds” of all strings into collective chorally symmetric
fireball. We find that those e↵ects happen provided the number of strings N

s

> 30 or so, as only
such number compensates small sigma-string coupling. Those finding should help to understand
subsequent explosive behavior, observed for particle multiplicities roughly corresponding to this
number of strings.

I. INTRODUCTION

A. The evolving views on the high energy collisions

Before we got into discussion of high multiplicity pA

collisions, let us start by briefly reviewing the current
views on the two extremes: the AA and the minimum
bias pp collisions.

The “not-too-peripheral” AA we will define as those
which have the number of participant nucleons N

p

> 40,
and the corresponding multiplicity of the order of few
hundreds. (Peripheral AA, complementary to this def-
inition, we will discuss in this paper, below in sec-
tion IVB.) Central AA collisions produce many thou-
sands of secondaries: the corresponding fireball has the
energy/entropy density well inside the QGP domain, and
those were naturally in the focus of the RHIC and LHC
heavy ion programs. Needless to say, the theory guid-
ance and those experiments resulted in widely known
conclusions about strongly coupled dynamics of QGP.
In particular, its collective flows were found to follow the
hydrodynamical predictions with a remarkable accuracy.

(Hydrodynamical modeling typically starts at the
proper time ⌧

i

⇠ 1/2 fm, and the EOS used is that of
the fully equilibrated matter known from lattice simula-
tions. The description of matter at earlier stages and the
exact mechanism/degree of actual thermal equilibration
is still a developing and hotly debated subject which we
will not address in this work.)

AdS/CFT correspondence has provided dual descrip-
tion to strongly interacting systems. In its vocabulary,
thermal fireballs of deconfined matter are dual to certain
5-dimensional black holes, and its hydrodynamical ex-
pansion corresponds to departure of this black hole from
the space boundary (where the gauge theory is located).
Attractively interacting and collapsing system of QCD
strings we will discuss should be viewed as a QCD ana-
log to formation of the AdS/CFT black hole formation.

The opposite extreme is represented by the typical

FIG. 1: The upper plot reminds the basic mechanism of
two string production, resulting from color reconnection. The
lower plot is a sketch of the simplest multi-string state, pro-
duced in pA collisions or very peripheral AA collisions, known
as “spaghetti”.

(minimum bias) pp collisions. Its Pomeron description
at large impact parameter b = 1�2 fm is naturally given
in terms of a double string production, see upper plot of
Fig. 1. Color reconnection (described perturbatively or
by a “tube” string diagram) leads to a pair of longitu-
dinally stretched strings, with subsequent breaking into
several pieces – hadronic clusters, which finally decay into
few final secondaries, as implemented in e.g. the Lund
model event generators, which do quite a good job in re-
producing these phenomena. The density of a produced
excitation is low, it takes place in the confining QCD vac-
uum: thus the string description. The Pomeron profile,
in particular, was historically the origin of the so-called
↵

0(t = 0) parameter, related to the string tension, which
defines the “string scale” both in QCD and fundamental
string theory.

(If collisions are “hard”, with momentum transfer
Q � 1 GeV, they resolve nucleons and Pomerons to
their partonic substructure. Perturbative description of
the Pomeron is well developed. At a very high density
perturbative theory breaks down and may lead to the
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Peripheral AA are modeled in the standard Glauber
way, except that we take the number of participants being
in exactly the same bins, namely N

p

= 5, 10, 15, 20, 25,
for comparison.

B. Time evolution

Basically strings can be viewed as a 2-d gas of particles
with unit mass and forces between them are given by the
derivative of the energy (8) , and so

~̈r
i

= ~f
ij

=
~r
ij

r̃
ij

(g
N

�
T

)m
�

2K1(m�

r̃
ij

) (19)

with ~r
ij

= ~r
j

� ~r
i

and “regularized” r̃ (9).
We have used a classical molecular dynamics code

based on CERN library FORTRAN double precision
solver DDEQMR and this force to follow the particle evo-
lution in the transverse plane. In Figs. 4 and 6 we show
an example of one particular configuration with N

s

= 40.
In order to study longer time evolution, we took a some-
what larger coupling ???. As seen from Fig. 4 the con-
servation of the (dimensionless) total energy

E
tot

=
X

i

v2
i

2
� 2g

N

�
T

X

i>j

K0(m�

r
ij

) (20)

is indeed observed: its accuracy is about 10�4. Even
higher accuracy is observed for the total momentum
(which remains zero).

The evolution consists of two qualitatively distinct
parts: (i) early implosion, which converts potential en-
ergy into the kinetic one, which has its peak when frac-
tion of the particles “gravitationally collapse” into a
tight cluster; and (ii) subsequent approach to a “mini-
galaxy” in virial quasi-equilibrium. To illustrate better
the first stage of the motion we made a number of movies:
three first screenshots for this configurations are shown
in Fig. 6. Running multiple files we occasionally see more
complicated scenarios realized, e.g. two “mini-galaxies”
departing from each other.

One can see that the total kinetic energy approaches
over time some mean value, which of course should be
related to the “virial’ value

2hE
kin

i =
*
X

i

~r
i

@U

@~r
i

+
(21)

as time goes to infinity. (It is standard outcome of molec-
ular dynamics studies, e.g. stars in Galaxies have similar
quasi-equilibrium.).

The simulations for peripheral AA have a particular
feature. As exemplified in Fig. 5, the initial strong defor-
mation of the system – its y-direction size is much larger

than that in x-direction, the collapse goes in two stages.
First one finds rapid 1d collapse along the x axes, supple-
mented by much more slower collapse along y direction.
If the simulation runs long enough, the resulting cluster
becomes of course isotropic.

C. Results

We generated similar time evolutions for an ensembles
of randomly generated initial conditions. Out of many
possible observables we selected the following one : Lo-
cal density in the generated clusters ✏

max

defined by the
following procedure. Step one, resembling early searches
for the location of the black hole in our Galaxy center,
is the location of most rapidly moving particle. After it
is found, its position is taken as a cluster center, and
the number of particles inside the circle of fixed radius
r0 = 0.3 fm is used to calculate the maximal 2d density
n
max

The results are converted to maximal energy den-
sity of a run by

✏
max

= �
T

n
max

(22)

and averaged over the runs.
Systematic results were organized as follows. We have

sets of 10 runs for each set of parameters, the string
number N

s

= 10, 20, 30, 40, 50, the coupling constants
g
N

�
T

= 0.01, 0.02, 0.03, 0.05, 0.08, 0.10, 0.20 and two dif-
ferent initializations, corresponding to central pA or pe-
ripheral AA.

The output is shown in Fig. 6 as the maximal energy
density reached (during the proper time ⌧ < 2 fm/c. The
main result is that the implosion of the system produces
values which are significantly higher than at the initial
time ⌧ = 0, namely ✏0 = 2 to 9 GeV/fm3 for those sets.

While the rate of the evolution depends on the strength
of the coupling, the maximal energy density reached is
much less sensitive to it. As one can see from it, for
small number of strings ⇠ 10 there is no dependence on
the coupling, in the range selected: those are too small to
create any e↵ect. However as N

s

> 30 the coupling be-
comes important: it increases the density by a significant
factor, reaching values as large as ✏

max

⇠ 80 GeV/fm3.
As such high energy density is being reached, the string

description of the system can no longer be maintained.
As the kinetic energy dissipates into multiple strings
states, they become highly excited. The equilibrium fully
equilibrated into the sQGP, the temperature would be
about T

i

⇠ 500MeV ⇠ 3T
c

, enough to generate very
robust hydro explosion.

D. Elliptic deformations

V. SUMMARY

!2 !1 0 1 2
!2

!1

0

1

2

!2 !1 0 1 2
!2

!1

0

1

2

t=0.1 and 1 fm/c



collective sigma field
6

0 2 4 6 8 10
!0.025
!0.020
!0.015
!0.010
!0.005
0.000

mΣr

FIG. 4: The mean field (normalized as explained in the text)
versus the transverse radius in units of inverse m

�

. The
dashed and solid curves correspond to the source radii R = 1.5
and 0.7 fm, respectively.

Longitudinal tension of the string forces the connecting
part – we will refer to it as “zipper” – to move longitu-
dinally. If it is made of a semicircular string piece with
diameter d, then its acceleration is

ak =
4

⇡d

(14)

and the relativistic motion with such acceleration in
terms of rapidity and proper time is simply given by

y

zipper

= ak⌧ (15)

Since ⌧ < ⌧

breaking

and d ⇠ 1 fm ⇠ ⌧

breaking

, one finds
that a zipper can only move by about one unit of rapid-
ity during the time considered, out of the total rapidity
interval 2Y ⇠ 10. We thus conclude that there is no
enough time to “unzip” the string system.

C. Mean field

Assuming cylindrical symmetry, one can get the shape
of the mean sigma distribution by solving the radial equa-
tion on the sigma field. We will write it as

�

00(r?) +
1

r?
�

0(r?)�m

2
�

�(r?) = ⇢(r?) , (16)

where ⇢(r?) is the matter distribution in the transverse
space. Note that we have not included the coupling con-
stant in the r.h.s. or any normalization factors: this can
be simply incorporated into the solution once it is known,
since the equation (16) is linear. We use, for example, a
Gaussian source, ⇢ = exp[�r

2
?/(2R

2)].
At large distances the r.h.s. of (16) is negligibly small,

and the solution has the form

�(r?) = C ·K0(m�

r?) , (17)

which can be used to fix asymptotics of the numerical so-
lution at large r. If the integration is performed starting
from a large r downwards, then the generic solution blows

0.0 0.5 1.0 1.5 2.0
!80
!60
!40
!20
0
20
40

FIG. 5: (Color online). The (dimensionless) kinetic and po-
tential energy of the system (upper and lower curves) for
the same example as shown in Fig. 7, as a function of time
t (fm/c). The horizontal line with dots is their sum, E

tot

,
which is conserved.
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FIG. 6: (Color online). Kinetic energy (dimensionless) ver-
sus the simulation time (fm/c), for few pA N

s

= 50 runs.
Seven curves (bottom-to-top) correspond to increasing cou-
pling constants g

N

�

T

= 0.01, 0.02, 0.03, 0.05, 0.08, 0.10, 0.20.
The shaded region on the right corresponds to the time which
is considered to be too late for strings to exist, due to their
breaking.

up at small r, unless the constant C is specially tuned. In
Fig. 4 we show two such solutions, with tuned constants
C = 3757.21, 42.37 and radii R = 1.5, 0.7 fm, respec-
tively (the solutions are rescaled on the plot, so that the
integral of the source is normalized to one). These two
radii are supposed to exemplify the “spaghetti” trans-
verse size before and after a collapse: as one can see from
the figure, the depth of the sigma potential well increases
roughly by factor 5 or so between those two cases. This is
more than enough to completely cancel chiral symmetry
breaking around the after-collapse system.

IV. MOLECULAR DYNAMICS STUDY

A. Initialization for central pA and peripheral AA

To simulate central pA we first select the num-
ber of participant (or “wounded”) nucleons N

p

=
5, 10, 15, 20, 25 and select their random positions in the
transverse plane. The numbers correspond to p mov-
ing along the diameter of Pb as discussed above, while
variation in the number roughly correspond to expected
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FIG. 9: (Color online) The left plot is for central pA, the right on – for peripheral AA collisions. The vertical axis is the e↵ective
coupling constant g

N

�

T

(dimensionless). The horizontal axis is the maximal energy density ✏

max

(GeV/fm3) defined by the
procedure explained in the text. Five sets shown by di↵erent symbols correspond to string number N

s

= 10, 20, 30, 40, 50, left
to right respectively.

�400 MeV, i.e. the chiral symmetry can be completely
restored in those regions. Large gradient of this potential
at its edge can cause quark pair production, similar to
Schwinger process in electric field: one particle may flow
outward and one falls into the well. Such phenomenon
is a QCD analog to Hawking radiation at the black hole
horizon. The final ellipticity of the induced elliptic flow
will be studied elsewhere.

V. SUMMARY AND OUTLOOK

In this work we have discussed collective interactions
between the QCD strings in a “spaghetti” configuration,
created in “central” pA and peripheral AA collisions. We
provided first an experimental overview, concluding that
at least three di↵erent observables – multiplicity distri-
bution, radial and elliptic flows – show the onset of a dif-
ferent regime at the string number N

s

⇠ 30. Although
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FIG. 10: Instantaneous collective potential in units 2g
N

�

T

for
an AA configuration with b = 11 fm, g

N

�

T

= 0.2, N
s

= 50 at
the moment of time ⌧ = 1 fm/c. White regions correspond to
the chirally restored phase.

this number may appear to be large, one can see that,
naively, the produced system remains su�ciently dilute.
In particular, under this condition the chiral condensate
is expected to be modified only at the level of 10% or so.
After that we formulated a model of the string-

string interaction induced by the � meson exchange and
matched it to the lattice data. We performed a molec-

ular dynamics simulation of the string motion in the 2-
dimensional transverse plane. We observed collective im-
plosion of the “spaghetti” configurations and listed pa-
rameters of the string interaction which may cause the
transition. The range of the string number is chosen to
correspond to the transition in experiment.
One may argue that as the string density is increased

by a significant factor due to the implosion, the energy
density of the system becomes so large that the string
description must break down. It is expected that it un-
dergoes rapid equilibration into the QGP phase, which
then explodes hydrodynamically, in agreement with the
previous studies. We argue that the proposed “spaghetti
implosion” is the crucial piece of the puzzle, explaining
the change in the dynamics.
We have already mentioned in the Introduction, that in

the AdS/CFT vocabulary thermal fireballs of deconfined
matter are dual to certain 5-dimensional black holes,
and that attractively interacting and collapsing system
of QCD strings we discussed must be a QCD analog to
formation of the AdS/CFT black hole formation. As
outlook we would like to mention further developments
of this correspondence, in the holographic AdS/QCD
framework. In this case string interaction is mediated
by gravitons and axions, which interact with the bulk
strings in a well defined way.
In AdS/QCD models the string-string interaction is

also attractive, mediated by massless dilation and gravi-
ton. There is no need for additional parameters, like our
sigma-string coupling, as that is defined by the model ac-
tion already. It would be interesting to investigate under
which condition multi-string implosion should happen,
and whether it is indeed leads to gravitational horizons
and a black holes, not just higher density of strings. IfField gradient at the edge 

leads to quark pair production: 
QCD analog of Hawking radiation

before and after collapse



explosive regime  
at ultra high energies

GKZ bound, p+CMB->pi+pEultra high < 1020 eVp
sultra high ⇡ 450TeVp

sLHC = 8TeV
dNch

dy

ultra high

⇡ 3
dNch

dy

LHC

so even pp may get from 10^-6    !
into 100% explosive regime!!

futhermore targets are N,O nuclei!
and projectile are O or even Fe,!

so the radial flow changes mean pt
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cDGreen=central PbPb, !
the benchmark!

black=light-light (OO)!
red=FeO!

arrows indicate results!
after collapse

Conclusion: expected!
explosion strength!
like in the central!

PbPb at LHC

An “explosive regime” should dominate the ultra-high energy collisions, 
Tigran Kalaydzhyan and Edward Shuryak, in progress



Summary
• initial state perturbations create observed signals, well described by 

(linearized) hydrodynamics!

• Strings interact attractively via the sigma field, as seen of the lattice!

• Spaghetti (multiple strings) collapses (when >30) and makes denser 
fireball, which explains larger radial flow in pA then AA: !

• Ultra high cosmic rays events should go to the same explosive 
regime, with strength comparable to central PbPb at LHC!

• Others: holographic Pomeron and its phases!

• string balls  interpolate toward black holes (size, entropy).we studied 
QCD string balls and found that their QCD analog —> self supporting 
high entropy balls in the mixed phase 

Thanks to collaborators!
P.Staig, T. Kalaydzhyan ,I.Zahed


